Functional Closure of Schwinger-Dyson Equations in Quantum Electrodynamics 
Part 1: Generation of Connected and One-Particle Irreducible Feynman Diagrams 



Axel Pelster, Hagen Kleinert 
Institut fur Theoretische Physik, Freie Universitat Berlin, Arnimallee 14, D-14195 Berlin, Germany 
E-mails: pelsterQphysik.fu-berlin. de, kleinert&physik.fu-berim. de 

Michael Bachmann 

Institut fur Theoretische Physik, Universitat Leipzig, Augustusplatz 10/11, D-04109 Leipzig, Germany 

E-mail: michael.bachmann@itp.uni-leipzig.de 

(February 1, 2008) 

Using functional derivatives with respect to free propagators and interactions we derive a closed 
set of Schwinger-Dyson equations in quantum electrodynamics. Its conversion to graphical recursion 
^ ■ relations allows us to systematically generate all connected and one-particle irreducible Feynman 

diagrams for the n-point functions and the vacuum energy together with their correct weights. 

(N ' 

Or 
<D 

^{■^ . In quantum field theory, the calculation of physical quantities usually relies on evaluating Feynman integrals which 
are pictured by diagrams. Each diagram is associated with a certain weight depending on its topology. There exist 
various convenient computer programs, for instance FeynArts or QGRAF QJ^], for constructing these diagrams 
and for determining their weights in different field theories, Some of them are based on a combinatorial enumeration 
of all possible ways of connecting vertices by lines according to Feynman's rules. Others use a systematic generation of 
homeomorphically irreducible star graphs (^J^). The latter approach is quite efficient and popular at higher orders, it 
has, however, the conceptual disadvantage that it renders at an intermediate stage numerous diagrams with different 



I. INTRODUCTION 



o 

i vertex degrees which have to be discarded at the end. 

7-h ; 

A more systematic and physical approach to construct all Feynman diagrams of a quantum field theory was pro- 
posed a long time ago ||||. It is based on the observation that the complete knowledge of the vacuum energy 
implies the knowledge of the entire theory ("the vacuum is the world") pc|^l] |. In this spirit, all vacuum diagrams 
are initially generated by a recursive graphical procedure. This procedure is derived from a functional differential 
equation involving functional derivatives with respect to free propagators and interactions. In a subsequent step, 
. the n-point functions are found graphically by applying the functional derivatives to the vacuum energy. Recently, 
this approach was used to systematically generate all connected and one-particle irreducible Feynman diagrams of 
the euclidean multicomponent scalar </> 4 -theory both in the disordered, symmetric phase Jl2| and in the ordered, 
spontaneously broken-symmetry phase jl3],[l4| (see also the related work in Rcf. JD| ) . The approach was also applied 
to QED |l6| and scalar QED to construct the connected Feynman diagrams. In contrast to the conventional 
generating functional technique |l8| S3], no external currents coupled to single fields are used, such that there is no 
need for introducing Grassmann sources for fermion fields. An additional advantage is that the number of derivatives 
necessary to generate a certain correlation function is half as big as with external sources. 

The purpose of the present paper is to develop a modification of the approach in Ref. for QED. Rather than 
starting from vacuum diagrams as elaborated in Ref. jl6| ], we generate the Feynman diagrams of n-point functions 
directly and find that they obey an infinite hierarchy of coupled Schwinger-Dyson equations (18-23 . We show that 



using functional derivatives with respect to the free propagators and the interaction allows to close these Schwinger- 
Dyson equations functionally. In this way we obtain in Section || a closed set of equations determining the connected 
electron and photon two-point function as well as the connected three-point function. Analogously, we derive in Section 



III a closed set of equations for the electron and photon self-energy as well as the one-particle irreducible three-point 
function. In both cases, the closed set of Schwinger-Dyson equations can be converted into graphical recursion 
relations for the connected and one-particle irreducible Feynman diagrams. From these follow the corresponding 
vacuum diagrams by short-circuiting external legs. 
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II. CONNECTED FEYNMAN DIAGRAMS 



Following the short-hand notation introduced in Ref . JTq] , the action of QED in euclidean spacetime reads 



A[i>,i>,A]= I S^^ 2 + \ I D^A X A 2 + \ V 123 ^ 2 A 3 -/ Jj A 1 , (2.1) 

J12 Z J12 J123 Jl 

where ip, ip denote the electron fields and A stands for the photon field. For brevity, we omit all spinor or vector 
indices of the fields and indicate their spacetime arguments by simple number indices, i.e., 1 = xj.,2 = x 2 , ■ ■ ■ and 
J 1 = J d A x\. Throughout the paper we assume that the current J, the electron kernel <S* -1 , the photon kernel D^ 1 , 
and the interaction V are completely general non-singular fu ncti onal matrices and their physical values for QED are 
inserted only at the end. By doing so, we regard the action ( |2.l| ) as the functional 

A[if,ip,A] = A[^,^,A;J,S~\D-\V}. (2.2) 

The same functional dependences are inherited by all field-theoretic quantitites derived from it. In particular, we are 
interested in studying the functional dependence of the partition function, which is defined by a functional integral 
over a Boltzmann weight in natural units 

Z[J,S-\D-\V] = J) V$V<ipT>Ae~ A $'^' A;J ' s ~ 1 ' D ~ 1 ' v ] , (2.3) 

and of the n-point functions 

(V>„-2 ■ ■ ■ '(AiV'iV^ ■ ■ • ?pn-iA 3 A 6 . . . A n )[J, S-\D-\ V] 

= ThpTh/iDA ^ n -2 • • • • ■ ■ $n-i A 3 A 6 ...A n e -Ali>,i>A;J,s-\D-\v] (2 4) 



By expanding the functional integrals ( [2.3] ) and (2.4) in powers of the interaction V, the expansion coefficients of the 
partition function and the n-point functions consist of free-field expectation values. These are evaluated with the help 
of Wick's rule as a sum of Feynman integrals, which are pictured as diagrams constructed from lines and vertices. To 
illustrate the current we use the symbol 



= Jj . (2.5) 
As usual, a straight line with an arrow represents a free electron propagator 

i — 2 = Sit, (2.6) 
and a wiggly line indicates a free photon propagator 

i 2 = D 12 . (2.7) 

Both propagators are inverse functional matrices of the corresponding kernels in the action ( |2.l| ): 

J S 12 S^ = S 13 , (2.8) 

Jd 12 D^ = 5 13 . (2.9) 

A three-vertex represents the interaction potential: 

X = -^23- (2-10) 



In this section we generate t he s ubset of connected Feynman diagrams contributing to the partition func tion (2.5) 



and to the n-point functions (2.4) together with their weights. To this end we introduce in Subsection II A functional 



derivatives with respect to the graphical elements J, S 1 , D 1 , V of the Feynman diagrams. With these we derive in 



Sub section II B a closed set of Schwinger-Dyson equations determining the connected n-point functions. In Subsection 



IIC they are converted into graphical recursion relations for the corresponding connected Feynman diagrams. Finally 



the c onnected vacuum diagrams contributing to the vacuum energy are constructed in a graphical way in Subsection 



II D 
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A. Functional Derivatives 



Each Feynman diagram of QED will be considered as a functional of the quantities characterizing the under- 
lying field theory, the electron kernel S , the photon kernel -D -1 , the interaction V, and an current J. Following 
Refs. @-||,0(l6 we introduce in this subsection functional derivatives with respect to these, identify their associated 
graphical operation and derive fundamental field-theoretic relations between them. 



1. Graphical Representation 

We start by studying the functional derivative with respect to the current J, which fulfills the identity 

^ = <5i 2 . (2.11) 

To represent this graphically, we represent the (5-function on the right-side by extending the elements of Feynman 
diagrams by an open dot with two labeled wiggly line ends 

i~~ 2 = S 12 , (2.12) 



and picture the identity ( 2.11 ) graphically as follows 

V (2.13) 

6 ~ 

which leaves the spatial index at the line end to which the current was connected. 

Since the photon field A is bosonic, the kernel D^ 1 is a symmetric functional matrix obeying — D^i- This 
property is taken into account when performing functional derivatives with respect to the photon kernel D -1 with 
the basic rule 

S -^ = U6i3S 42 + S 14 S 32 } . (2.14) 



From the identity (2.9) and the functional chain rule of differentiation we find the derivative of the free propagator: 

- 2 = £> 13 £>42 + £>14A52 ■ (2.15) 



5D 3i 



This has the graphical representation 

. 6 



5D£ 



4 3 2 . (2.16) 



Thus, differentiating a photon propagator with respect to the kernel D^ 1 amounts to cutting the associated wiggly 
line into two pieces. The differentiation rule (2.14) ensures that the spatial indices of the kernel are symmetrically 
attached to the newly created line ends. When differentiating a general Feynman integral with respect to D^ 1 , the 
product rule of functional differentiation leads to a sum of diagrams in which each photon line is treated in this way. 

We now study the graphical effect of functional derivatives with respect to the photon propagator £), where the 
basic differentiation rule reads 

c n 12 = o {^13^42 + ^14^32} ■ (2-17) 
0L>34 2 

This is graphically written as follows: 



Thus differentiating a wiggly line with respect to the photon propagator removes the wiggly line, leaving in a sym- 
metrized way the spatial indices of the wiggly line and the photon propagator. 

Setting up functional derivatives for electrons is different from the photon case, since the electron kernel S^ 1 is not 
symmetric. The functional derivative is simply 



SS * S S 

ss^ - 613642 ■ 



From a differentiation of the identity (2.8), we find 

SS12 



ss. 



S13S42 ■ 



34 



Its graphical representation 



3 4 - 



(2.19) 



(2.20) 



(2.21) 



states that differentiating an electron propagator with respect to the kernel S 1 amouts to cutting the associated 
straight line with an arrow once. 



As in (2.19) the functional derivative with respect to the electron propagator S reads 

<55i 2 



SS: 



= <5l3^42 ■ 



31 



(2.22) 



By analogy with ( 2.12 ), we represent a 5-function by an open dot with two labeled straight line ends with arrows 

1 — 2 = <5 12 , (2.23) 



so that the differentiation rule ( 2.22 ) has the graphical form 

6 

1^—2 = 1 

3— >— 4 



34 



(2.24) 



Thus differentiating an electron line with respect to the electron propagator removes the line, leaving the spatial 
indices of the electron propagator at the vertices to which the straight line with an arrow was connected. 



The functional derivative with respect to the interaction V is defined by 

SV123 



SV 4 



^14^25^36 • 



r,c, 



(2.25) 



which has the graphical representation 



s X 1 

4 5 



3 

X 



6 
4 5 

1 2 



(2.26) 



Thus, differentiating a 3-vertex with respect to the interaction removes this vertex, leaving the spatial indices of the 
interaction at the line ends to which the vertex was connected. 



2. Field- Theoretic Identities 



With the help of these graphical operations, products of fields can be rewritten as functional derivatives of the 
action (2.1). Thus we obtain 



4 



AiA 2 



= 2 



SA$,i/>,A] 

SJ X 
SA$,il>,A] 

SA$,j>,A] 

SA$,il>,A] 
SV213 



(2.27) 
(2.28) 
(2.29) 
(2.30) 



as follows fro m (2.11), (2.14), (2.19), and (2.25). Applying these derivatives to the integrands of the functional 
integrals (2.4) for the n-point functions, they can be determined from functional derivatives of the partition function 
(2.3) or its logarithm, the vacuum energy 



W[J, S~ x , IT 1 , V] = lnZ[J, S- 1 , D- 1 , V] . 
Thus we obtain the derivative rules 



(Ai) 
(ipiipz) 
(AU2) 
(^i^As) 



SW 

SW 
SS^' 



SW 
SD^ 



SW 

svT 



21:5 



By doing so, we have to take into account compatibility relations between the different functional derivatives 

SW If 5 2 W SW SW \ 
SD^ 1 ~ ~2 \SJxSJ2 + SJt SJ 2 J ' 

SW _ S 2 W SW SW 
SV213 _ 5S216J3 + SS^ 1 Jh ' 



(2.31) 

(2.32) 
(2.33) 
(2.34) 
(2.35) 

(2.36) 
(2.37) 



which follow from the functional integral (2.3) for the partition function and ( 2.27)— ( 2.31 ). Thus the re ex ist dif feren t 
ways of obtaining all diagrams of the n-point functions from the connected vacuum diagrams. From Q2.34D and fl2.36| ) 
we read off that, for instance, the diagrams of the photon two-point function follow either from cutting a photon line 
or from removing two currents of the connected vacuum diagrams in all possible ways. Consider as an exampl e th e 
vacuum en ergy for a vanishing interaction V, which follows directly from the functional integral according to ( |2.1| ), 
(f2~3[), and ( ^3l| ) 



^(frcc) _ W [J,S'\D-\0} = Tr \11S- 1 - ^Tr InD' 1 + \ f D 12 J X J 2 , 

2 2 J 12 

where the trace of the logarithm of a kernel K^ 1 = S^ 1 , D" 1 is defined by the series p. 16] 



(-1) 



n+l 



n=l 



l...n 



{K^ 1 ~ S 12 } ■ ■ ■ {K-, 1 - S nl } 



(2.38) 



(2.39) 



The free photon two-point function can be determined by applying functional derivatives to (2.3£) either with respect 
to the photon kernel D _1 or with respect to the current J. In both cases we obtain 



(A!A 2 )( free ) = D 12 + f D 13 D 24 J 3 J 4 
J34 



(2.40) 



Similar relations follow for the connected n-point functions which are defined as 



5 



A\ 






ac 
& 12 






-^12 


= {AiA 2 ) - 


(Ai)(A 2 ), 


^123 


= (ipii>2A 3 ) 


-(^ 2 )(A 3 ) 



resulting in the following derivative rules for W: 

A\ = 

oc _ 
°12 — 

-^12 

123 



6W 

JTx ' 

SW 
5S 2 i 



= -2 



SW 
SD^ 
SW 



^ 1 l y4 2 



213 



(2.41) 
(2.42) 
(2.43) 
(2.44) 



(2.45) 
(2.46) 
(2.47) 
(2.48) 



From (2.47) we read off that, for instance, cutting a photon line of the connected vacuum diagrams in all possible ways 
also leads to connected and disconnected pieces. The latter are removed by the term A^Aj, leading to the diagrams 
contributing to the c onnected photon two-point function D\ 2 . For later purposes we note that the connected three- 
point function ( [2.48 ) may be rewritten as 



23 



S 2 W 
SS^SJ 3 



(2.49) 



This follows from the compatibility relation (2.37) as well as from (2.45) and (2.46 ) 



B. Closed Set of Schwinger-Dyson Equations for Connected n-Point Functions 

We now apply the above functional derivatives to certain trivial functional identities which immediately follow from 
the definition of the functional integral. By doing so, we derive a closed set of functional equations determining the 
connected electron and photon two-point function as well as the connected three-point function. 



1, Connected Electron Two-Point Function 



Consider the functional identity 



A[ip,i>,A;J,S 



\D-\V]^ 



0. 



(2.50) 



which follows by functional integration from the vanishing of the expo nen tial at infinite fields. Performing the 
functional derivative in the integrand and taking into account the action (2.1) leads to 



^3 + / W2^4 } e -^MS-\D-\V] = 
34 



(2.51) 



Replac ing t he fiel ds A^ and ^2^3 by functional derivatives with respect to the current J4 and the electron kernel S^} 
using ( 2.27 ) and ( 2.28 ), respectively, the equation can be expressed in terms of the vacuum energy W by using (|2.3| ) 
and (2.31) as 



612- Is 



,-i sw 



13 jto-i 



V v . 



34 



5 2 W 



SW SW ] _ 

5S 23 SJ4 SS 23 J 



(2.52) 



The functional derivative with respect to the current J in the last term can be eliminated with the help of the second 
functional identity 



G 



After differentiating the action (12. lh in the exponential, we find 



j> VipVipVA 

which leads to 



{-** 













-^,^,A;J,S -1 ,Z» _1 ,V] _ q 



SW f f SW 

YT~ = / ^45^5+ / ^567^47 r rl _ 1 

°Ji Jr J hen ob^ 



'50 



Inserting this into (2.52), we obtain 

8x2- I s^—r - l r, 



ss. 



23 



S 2 W 



134 



34 SS 2a SJ4 



V134D45 J5 



SW 



3 15 



SS. 



23 



H. 34^567-047 



34507 



5W <W 



= 0. 



(2.53) 



(2.54) 



(2.55) 



(2.56) 



Taking in to ac count the definitions of the connected electron two-point function (2.46) and the connected three-point 
function ( 2.49 ), this equation reduces to the Schwinger-Dyson equation for S c : 



&12 — $12 — / ^45 $13^*425 — / 
■Z345 J3 



7 345 » / 678'J13 i ^58'-'42'-'76 



345678 



^45-^56 S\ 2 Si3 



(2.57) 



3150 



In order to represent this graphically, we extend the elements of Feynman diagrams by a symbol for the fully interacting 
connected electron two-point function 

i-«-2 = S c 12 , (2.58) 
and a three-vertex with an open dot representing the fully interacting connected three-point function 




= G 



123 • 



With this, the Schwinger Dyson equation (|2.57| ) reads graphically 



(2.59) 




(2.60) 



2. Connected Photon Two-Point Function 

Now we determine in a similar way the connected photon two-point function. To this end we consider the third 
functional identity 



(2.61) 



which leads to 



ThpVfDA I 6 12 + A 2 .h - / D^A 2 A 3 - / V 341 A 2 ^ 4 > e - A ^' A ' J ' s < D ~ < v l = 



34 



Substituting products of fields according to the equations ( 2.27 ), ( 2.2E ), and ( 2.30| ), we obtain 



SW 
JT 2 



_i SW 



S12 + J1—+2 / D 13 — - 

13 "^23 -^34 



Vi 



341 



5 2 W 



SW SW 



SSqa SJ 2 SS 3 } SJ 2 



(2.62) 



(2.63) 



Taking into acc ount the definitions of the connected photon t wo-po int function (2.47), the connected electron two- 
point function ( 2.46 ) and the co nnect ed three-point function ( 2.49 ), the functional derivative with respect to the 
current J is eliminated by using (p755| ). In this way we result in the Schwinger-Dyson equation determining _D°: 



-^12 — ^12 + / ^345^432-015 
J345 



(2.64) 



Extending the elements of Feynman diagrams by a symbold for the fully interacting connected photon two-point 
function 



this Schwinger-Dyson equation reads graphically 



-^12 > 



(2.65) 
(2.66) 



3. Connected Three-Point Function 



The iteration of the integral equations ( 2.60| ) and ( 2.66| ) for the connected electron and photon tw o- po int function 
S c and D c req uires the knowledge of the connected three-point function G c . Therefore we evaluate ( 2 .49] ) further by 
inserting fl2.55p : 



^123 — / 
J4 



V D PW 

456 0^21 '-'45 



(2.67) 



Taking into account the definition of the connected electron two-point function (2.46) and the functional chain rule 



ssi 



— — — / S31SI 



'24 



34 



SS: 



34 



this equation leads to a functional integrodifferential equation for the connected three-point function 

SSI 



^123 — ~ 

J 41 



12 



45678 0*78 



Its graphical representation reads 



(2.68) 



(2.69) 




5 1 



54- 



(2.70) 



so that the diagrams of the connected three-point function follow from those of the connected electron two-point 
function by inserting a thr ee- verte x in a n elec tron line in all possible ways. Thus the closed set of Schwinger-Dyson 
equations is given by (2.6C), (2.66), and (2.70). 



C. Graphical Recursion Relations 

Now we demonstrate how the diagrams of the connected electron and photon two-point function as well as of the 
connected three-point function are recursively generated in a graphical way. To simplify the discussion we restrict 
ourselves to the case of a vanishing external current, so that we can neglect the last term in ( p. 60 ). Performing a loop 
expansion of the connected electron and photon two-point function 



E 

1=0 

00 

E 

1=0 



1=2=2 , (2.71) 



iJiL 2 , (2.72) 



8 



as well as for the connected three-point function 





= E 

12 12 

we obtain from ( 2.60| ), ( [2.66 ), and ( [2.7C ) the following closed set of graphical recursion relations: 

(f-fc-i) 



-iH- 2 



E 

fc=0 




(2.73) 



(2.74) 



(2.75) 




5 i =-«= 2 V 



1 2 

This is solved starting from 



(0) 



: i 2 



(0) 

1 'Srf^SKRsSb 2 



(2.76) 



(2.77) 
(2.78) 



At first we evaluate the amputation of one electron line from (2.77) 



5i (0) 

#4— «— 5 



1 -to* 4 5 -«•* 2 



(2.79) 



and insert this into ( 2.76 ) to obtain the connected three-point function for 1 = 0: 

3 




(2.80) 



With this we get from J2~74l ) and ( ^75] ) the one-loop contribution to the connected electron and photon two-point 
function: 



i (i) 2 




(2.81) 



(i) 



(2.82) 



Amputating one electron line from ( |2.81| ), 



5i (i) 2 

(54^—5 



4 5 -»»•- 2+1 -*>•*- 4 5 



1 4 



4 -«-*-«- 5 



5 -*>* 2 — 



(2.83) 



9 



we find the one-loop contribution to the connected three-point function: 

3 




3 3 3 

1 < « <!<»< 2 1- .1.^.2 + 1.^.1.2 




2 1 





(2.84) 



Thus we obtain from (2.74) and ( 2.75| ) the two- loop connected two-point function of the electron 



(2) 2 






i i 





(2.85) 



and of the photon 



i J2L 2 





(2- 



From the Feynman diagrams of the connected electron and photon two-point function as well as the connected three- 
point functiongenerated so far, we read off a simple rule for their weights. They are given by (—1)' with I being the 
number of electron loops |jl6|| . The same Feynman diagrams have been obtained in Ref. |]l6f by amputating lines or 
vertices in the connected vacuum diagrams. 



D. Connected Vacuum Diagrams 



The connected vacuum diagrams of QED can be generated together with their weights in two different ways. First, 
they can be constructed from the above diagrams of the connected electron and photon two-point function as well 
as the connected three-point function. Second, we derive from the above functional identities a nonlinear functional 
differential equation for the vacuum energy and convert it into a graphical recursion relation which directly generates 
the connected vacuum diagrams as in Ref. ma. 
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1. Relation to the Diagrams of the Connected n-Pomt Functions 



After having iteratively solved the closed set of graphical recursion relations ( 2.74] )— (2.76) for the diagrams of the 
connected electron and photon two-point function as well as of the connected three-point function, the corresponding 
conne cted vacuum diagrams can be co nstru ct ed lo opwise as follows. Going back to th e defining equations ( 2.46) )— 
(2.48) for S c , D c , G c , we obtain with (2.45), ( [2.55 ), and the functional chain rule (2.6S) three functional differential 
equations for the vacuum energy: 



c SW - [ c-icc 

>J12— — — — I ^21 a 12 ' 
Jl2 



> 'SS12 

SW 

12 0U\2 



1 



12 



D _1 D C 



r / ^ / i23V4 56 5 , 2 1 S'5 4 £'3 6 + - j Di 2 JiJ 2 + [ V r i23'S'21-C ) 34>/4 

1 J123456 ^ J12 J1234 



f ^123-^77 ~~ / ^123^213 + / ^ / 123^ / 456'S'21^'54^ ) 36 + / V123 S^D^Ji . 

J 123 OV123 J 123 J123456 J 1234 

Their graphical representations are 



(2.87) 
(2.88) 
(2.89) 



SW 



Si- 



(2.90) 



SW 



Si- 



(2.91) 



SW 



3 

X 



e 



(2.92) 



where the first term on the right-hand side of ( 2 . 9C ) and (2.91) pictures the closing of the external legs of the connected 
electron and photon two-point function, respectively. All three equations have in common that the terms on the left- 
hand side count the number of a graphical element of each connected vacuum diagram. Indeed, when performing the 
operation J dES/SE with E — S,D, V, the functional derivative 5/SE removes successively an electron line, a photon 
line, or a three-vertex in all possible ways, which is subsequently reinserted by the integration J dE. 



If the interaction V vanishes, the Eqs. (2.9C )— (2.92) are solved by the free contribution to the vacuum energy (2.3S 
with the graphical representation 



W {b ' 



o 



(2.93) 



due to ( 2.77 ) and ( 2.7S ) . For a non- vanishing interaction V, the Eqs. ( 2.90] )-( 2.92 ) produce corrections to ( 2.9S ) 
which we shall denote with W^ nt '. Thus the vacuum energy W decomposes according to 



W = W {bcc) + VF (int) 



(2.94) 



In the following we recursivel y dete rmine V^ 1 "*) in a grap hical way for a vanishing external current, so that we can 
neglect the last two terms in (2.91) and the last term in ( 2.92| ). Performing a loopwise expansion of the interaction 
part of the vacuum energy 



W^ 



(2.95) 



we use the following eigenvalue problems for I > 2: 



c 



sww 

S 1^—2 



2(1 - 1) W {1) 



(2.96) 



11 



c 

< 



i 5W (l) 



2 Si- 



i sw® 



1 2 



{I - 1) W {1) 
2(1-1) W (l) 



With these we explicitly solve (2.9C)-(2.92) for the expansion coefficients and obtain for I > 2: 

(7-1) 



= - 

w® = 
w® = 



1 



2(1-1) 
1 f 



2(i-l) 
1 

2(Z^1) 



;-2 (fc) (i-fc-2) 

E 



fc=0 




J-2) 



;-2 (fc) (2-k-2) 

E 



(2.97) 
(2.98) 



(2.99) 
(2.100) 

(2.101) 



Inserting (2.77)-( p.86 ) for the lower loop contributions of the con necte d electro n and photon two-point function as 
well as the connected three-point function in one of the equations ( 2.99| )-( |2.10l| ), we find the vacuum energy for two 
loops 



(2.102) 



and for three loops 



W<3) = - - 

4 




(2.103) 



2. Graphical Recursion Relation 



Each of the three functional differential equations for the vacuum energy ( 2.87 )-( 2.89| ) can be used to derive a 
graphical recursion relation which d irect ly leads to the connected vacuum diagrams. Here we restrict ourselves to 
the functional differential equation (2.87) which is based on counting the number of electron lines of the connected 
vacuum diagrams. Inserting the Eqs. (2.46), (2.57), and (2.69) for the connected ele ctron two-point function and the 
connected three-point function, we obtain from ( p. 87 ) via the functional chain rule ( 2.68| ) 



hi 



5W 



12 12 SS 12 



^123 ^456-^36 



123456 



S 2 W 



ss^ssy 



SW SW 



ssi 



5W 

^123^34^4 ! 
1234 0O 12 



(2.104) 



If the interaction V vanishes, this equation is solved by the free vacuum energy (2.38) which has the functional 
derivatives 



§ W (free) 



— S21 



ss^ss^ 



— —S24S51 ■ 



(2.105) 



For a non- vanishing interaction V, the right-ha nd sid e of ( 2.104 ) corrects ( 2.3S| ) by th e interaction part of the vacuum 
energy Il/( int ). Inserti ng th e decomposition ( 2.94 ) into ( 2.104 ), and using ( 2.105| ), we obtain together with the 
functional chain rule (2.68) the following functional differential equation for the interaction part of the vacuum 
energy: 



12 



f 5W (ini > ft f 5W {in ^ 

/ Si2— = / V123V45602IO54-D36 — / V123V456S24O5I-D36 — 2 / ^123V456^36$2l£74$58 — 7-7; 

l 12 OD12 J123456 J123456 J12345678 OO78 

/■ (W (int ) /" tfW^™*) <5W-^ int ) 

+ 2 / V A i23V456l?36'S'5iS'28'S'74^— h / Vi23V456l?36»S'71»S'28'S , 94'S'5l ~ Fc xc - 

■/12345678 "^78 ^1234567891 "^78 OJ91 



£2^(int) r 

Vi23l / 456l?36S'71'S'28'S'94'S'5l -77; FT - + / ^123^ ) 345'21 >/4 ' 

1234567891 0<J78<->91 J1234 ./ 123456 

Its graphical representation is 



(W (int) 

V 123 S 51 S 26 D 34 J 4 — • ( 2 -!06) 

<5£>56 



6W& 



61- 



- 



Ci dV 1 
2 ?i 



«5H/(int) 



- 2 



SW (i 



61 



£2jy(int) 



3 6l- 

■ 4 



2 (53- 



(5W^ 



(53- 



2 (5W( int ) 
, 5 1^—2 



(2.107) 



As before, we illustrate the graphical recursive solution only for a vanishing external current so that we can drop 
the last two terms in (2.107). Thus inserting the loop expansion (2.95) and using the eigenvalue problem (2.96), we 
obtain a graphical recursion relation for the expansion coefficients W t - l> of the vacuum energy for I > 3 fllq] : 



W® = 



I - 1 



Ci dW 
2 Jl 



1 6WV- 



6i- 



1 sW-v 

2 Lr' 3 (5i^<-2 (53^<-4 

■ 4 



1-2 



2^ 5i 



k) 



j, — ^ 



k=2 



-2 2 X \ 4 (53^4 



(2.108) 



They are solved starting from in ( 2.102 ). We start with the amputation of one or two electron lines in ( 2.102] ) 



6W<< 2 
<5i + 



\2> 



S 2 W^ 2 



<5l^-2 (53- 



(2.109) 



Inserting (2.109) into (2.108), we reobtain the three-loop contribution of the vacuum energy from (§T0§). The 
corresponding calculation of the four-loop correction W^ 4 ' leads altogether to 20 connected vacuum diagrams: 













1 (jy0 - o<TD - \ CM]>0 - CH>0 
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(2.110) 



From the vacuum diagrams J2.102D , (12.1031) , and fl2.11CD , we observe a simple mnemonic rule for the weights of the 
connected vacuum diagrams in QED |16[|. At least up to four loops, each weight is equal to the reciprocal number 
of electron lines, which are generated by cutting the same electron two-point diagrams. The sign is given by (— 1) , 
where I denotes the number of electron loops. Let us also note that the total weight, which is the sum of all weights 
of the connected vacuum diagrams in the loop order under considertation, vanishes in QED. These simple weights 
are a consequence of the Fermi statistics and the three- vertex of the interaction in (2.1). The weights of the vacuum 
diagrams in other theories, like </> 4 -theory |12-llJ,Bq], follow more complicated rules. 



III. ONE-PARTICLE IRREDUCIBLE FEYNMAN DIAGRAMS 

So far, we have generated all connected Feynman diagrams of QED. We now eliminate the one-particle reducible 
Feynman diagrams. This is done as usu al wit h the help of a functional Legendre transform with respect to the 
current which we introduce in Subsection III A . With this we deriv e in S ubsection IIIB a closed set of Schwinger- 
Dyson equations for the one-particle n-point functions. In Subsection III C they are converted into graphical recursion 



relations for the corresponding one-particle irreducible Feynman diagrams needed for rcnormalizing QED. Finally, the 
one-particle irreducible vacuum diagrams are constructed graphically in Subsection HID. 



A. Functional Legendre Transform With Respect to the Current 

We set up the functional Legendre transform with respect to the current which converts the vacuum energy W to 
the effective energy of the first kind T\. In particular, we investigate the respective functional derivatives of W and 
Ti and the field-theoretic relations between them. 



1 . Effective Energy of the First Kind 

Starting from the vacuum energy W[J, S^ 1 , D^ 1 , V] we introduce the new field 

5W[J,S'- 1 ,i?- 1 ,V] 



A\[J,S-\D-\V] 



5Ji 



which implicitly defines J as a functional of A c : 

J 1 = J 1 [A c ,S- 1 ,D- l ,V] 



(3.1) 



(3.2) 



From Eq. (2.45) we read off that A c coincides with the field expectation value of the photon in the presence of the 
current J. The functional Legendre transform of the vacuum energy W[J, 5 _1 , D^ 1 , V] with respect to the current J 
results in the effective energy of the first kind 

i n-i t/1 SW[J[A C ,S-\D-\V],S-\D-\V] 



TtiA^S-^D-^V] = J^MA^S-^D-W] 



$Ji[A c ,S , - 1 ,D- 1 ,V] 

-W [J[A C , S-\D-\V],S-\D-\V] , (3.3) 

which simplifies due to (3.1): 

Tt[A c , S-\D~\ V] = J Ji[A c , S-\D-\V]A\ - W [J[A C , S^ 1 , D -1 , V], 5 _1 , D~ x , V] . (3.4) 



Taking into account the functional chain rule, it leads to the equation of state 
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ST 1 [A°,S~ 1 ,D~ 1 ,V] 



6A\ 



S~ 1 ,D- 1 ,V 



= .h[A c ,S-\D-\V] 



(3.5) 



Performing a loop expansion, the contributions to the effective energy of the first kind (3.4) may be dis play ed as 
one-p article irreducible vacuum diagrams which are constructed according to the Feynman rules ( |2.6| ), fl2.7p , and 
(2.10). In addition, a dot with a wiggly line represents the field expectation value of the photon 



(3.6) 



If the interaction V vanishes, the vacuum energy (2.38) leads with to the field expectation value 

Al[J,S-\D-\0} = J^D 12 J 2 , 

which is inverted to give 

J 1 [A C ,5- 1 , J D- 1 ,0] = 
leading to the free effective energy of the first kind: 



4 C 

u l2 A 2 ' 



(free) _ 



T^A^S- 1 ^- 1 ^] = - TilnS- 1 + - TrlnL*- 1 + - 



1 

2 J 12 



D 12 A X A 2 



Its graphical representation is 



(free) 



o 



(3.7) 



(3.8) 



(3.9) 



(3.10) 



In order to investigate in detail the field-theoretic consequences of the functional Legendre transform of the first kind, 
it is advantageous to start with the effective energy of the first kind ri[A c , S^ 1 , D^ 1 , V] and to introduce the current 
J via the equation of state (3.5). This implicitly defines the field expectation value of the photon as a functional of 
the current, i.e. 

At = A\[J,S-\D- 1 ,V}. (3.11) 
Thus the vacuum energy is recovered by the inverse functional Legendre transform 

W[J,S-\D-\V}= J^J 1 A C 1 [J,S-\D-\V}-T 1 [A C [J,S-\D-\V},S-\D-\V] . (3.12) 

With this we derive useful relations between the functional derivatives of the vacuum energy W and the effective 
energy of the first kind Ti, respectively. 



2. Functional Derivatives 



Taking into account the functional chain rule, the first functional derivatives of the vacuum energy W read (3.1) 
and 



(3.13) 
(3.14) 
(3.15) 



SW[J,S-\D-\V} 




STi 


[A C [J,S~ 


-\D-\V],S~ 


-\D-\V] 










J,D~ l ,V 






5Sg 




A C ,D 




SW^S-^D-^V] 




sr 1 


[A C [J,S- 


\D-\V],S- 


-\D-\V] 
















6D£ 




A C ,S- 


1 v 








<5Ti 


[A C [J,S- 


-\D-\V],S- 


-\D-\V] 






SVl23 








5V\2z 




A C ,S- 
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To evaluate second functional derivatives of the vacuum energy W is more involved. First, we observe 



SJ 2 SJ 1 



5A\[J,S-\D-\V] 



SJ 2 



S- 1 ,D- 1 ,V 



8J 2 \A C [J,S-\D-\V],S-\D-\V] 



8A\[J,S-\D-\V] 



5 2 T 1 [A C [J,5- 1 ,I>- 1 ,V],S , - 1 ,D- 1 ,V] 



(3.16) 



S-i-D- 1 ,!/ / 



where we have used ( |3.l| ), ( p.5[ ), and the fact that the derivative of a functional equals the inverse of the derivative of 
the inverse functional. To precise the meaning of relation ( 3.16] ) , we rederive it from another point of view. Considering 
the functional identity 



SJi [A^S-^D-t^S-^D-W] 



6J 2 



812 , 



(3.17) 



S- 1 ,D- 1 ,V 

we apply the functional chain rule together with ( |3. l[ ) and (3.5). Thus we result in 



5 2 T X [A C [J,S-\D-\V],S-\D-\V] 



3 6A\[J, S-\D-\V]8A\[J, S-\D-\V] 



5 2 W[J,S , - 1 ,L>-\ V] 



S~ 1 ,D- 1 ,V 



SJ36J2 



(3.18) 



which coincides with (3.16). Furthermore we obtain from ( 3.13| ) by applying again the functional chain rule and 
relation (3.16): 



8 f SWi^S-^D-W] 
8J3 { 



s^r, [a c [j,s-\d-\v},s-\d-\v] 



S Al [ J, S~ 1 , D~ 1 , V] 8 A\ [ J, S- 1 , D - 1 , V] 



j,d-\vJ s -\D-\v 

STt [A^S-^D-WIS-^D-W]} 



S~ 1 ,D- 1 ,V , 



8At[J,S-\D-\V] 



8S; 



(3.19) 



S- 1 ,D- 1 ,V 



3. Field- Theoretic Identities 



Performing the functional Legendre transform with respect to the current, the compatibility relation ( [2.36| ) between 
functional derivatives with respect to the current J and the photon kernel D~ x yields 



<s 2 r 1 [A c ,s , -\L>- 1 ,^] 



8A\8A\ 



<5ri[A c 1 S- 1 ,D- 1 ,V] 



8D 



12 



A l A 2 



(3.20) 



A C ,D- 1 ,V 



due to Q, ( |Ig ), and ( jOg ). In a similar way, the compatibility relation ( J2 .37| ) between functional derivatives with 
r espe ct to the current J, the electron kernel and the interaction V is converted using (3.1), (3.13), (3.15), and 
(|3~19l) to 



ST 1 [A C ,S- 1 ,D-\V] 



8A% 



8 2 T x [A c ,S- l ,D- l ,V] 



8^ 1 

ST^A^S- 1 ^- 1 ^' 



SA C 3 SA C 4 



8V1 



2:i 



5ri[A c ,jS ,_1 ,D _1 , y] 



55; 



S- 1 ,D- 1 ,V / 

AS 



l 3 ■ 



A c ,_D _1 ,y 



The function al L egendr e tra ns form has also consequences for the connected n-point functions (2.46)— (2. 
into account (3.1) and (3.13)-( [3.15 ), we obtain 



(3.21) 
Taking 



16 



G15 



^21 

2 — ir- - A\A 2 , 



SD 



12 

STi 



213 



°12 yl 3 • 



(3.22) 
(3.23) 
(3.24) 



From (3.23) we read off that, for instance, cutting a photon line of the one-particle irreducible vacuum diagrams in 
all possible ways leads to the diagrams contributing to the connected two-point function D c l2 . 

The connected n-point functions are related to the one-particle irreducible n-point functions. The electron and 
photon self-energy, which we shall denote by E e and S 7 , is defined according to 



J 12 



0—1 QC —1 

J 12 13 12 ' 



•VC-1 



y 7 = n^ 1 — n c 

^12 — ^12 -^12 ' 

where S^ 1 an d represent the inverse of the propagators Si 2 and D c 12 , respectively: 



qC qC — 1 

" i n"9.a 



J13 • 



D C 12 D 23 1 = 5 



13 • 



(3.25) 
(3.26) 



(3.27) 
(3.28) 



Due to ( 3.25 ) and ( 3.26 ) the connected electron and photon two-point functions follow from the Dyson equations 



S 



12 



34 



^13^34*^42 i 



D\ 2 =D 12 + [ DuS^Sa 

J 34 



34 

Representing the self-energies E e and S 7 by a two-vertex with a big open dot 

l 2 = E? 

1 — 2 



J 12 ' 



E 7 

^12 ' 



the Dyson equations ( 3.29 ) and ( 3.3C ) read graphically 



The one-particle irreducible three-point function r is defined by 

c c — 

^123 ~~ 



15(> 



Representing the one-particle irreducible three-point function t by a three-vertex with a big open dot 

3 



T"123 , 



relation ( 3.35 ) is pictured by 



1 2 1 2 

For later purposes we note that the one-particle three-point function r may be also defined by 

S 2 T, 





SS^SA C 3 



, ^24'^5l' r 453 • 



(3.29) 

(3.30) 

(3.31) 
(3.32) 

(3.33) 
(3.34) 

(3.35) 
(3.36) 

(3.37) 
(3.38) 



45 



as follows from (|3~20|)-(|3~22|), ( gj| ), and ( |3~35| ). 
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B. Closed Set of Schwinger-Dyson Equations for One-Particle Irreducible n-Point Functions 



Now we calculate the eff ect o f the funct ional Legendre transform with respect to the current upon the trivial 
functional identities ( 2.52 ), ( [2.55 ), and ( 2.63 ) which immediately followed from the definition of the functional integral. 
This leads to a closed set of equations determining the electron and photon self-energy as well as the one-particle 
irreducible three-point function. 



1. Electron Self -Energy 



In order to determine the electron self-energy E e , we start with the first functional differential equation ( 2.52|) for 



the vacuu m e ne rgy W and perfo rm the functional Legendre transform of the first kind defined in Subsection III A 
Inserting (3.1), ( 3.13 ), and ( 3.1 9| ) by taking into account the compatibility relation ( 3.2C ), we thus obtain 



312 



STi 



3 Ob. 



23 



Vi 



s 2 r, 



134 



3 15 



^23 5A 5 I 6D 45 



2 1 ^4^-5 



31 



l SS. 



(3.39) 
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With the definition of the connected ele ctron and photon two-point function ( 3.22 ) and ( 3.23 ), as well as the one- 
particle irreducible three-point function (3.38), we get 



<5i2 - / S 13 S32 



Vl34T567 $62 ^35-^47 



34567 



V 134 S C 32 A C 4 = . 



34 



(3.40) 



This reduces to the Schwinger-Dyson equation for the electron self-energy ( 3.29| ) 



ye _ 
^12 — 



^1347526 S35 -^46 



."■150 



V 123 A C 3 , 



(3.41) 



which graphically reads 



Oh- 2 



(3.42) 



2. Photon Self-Energy 



The photon self-energy E 7 follows in the same way from th e thi rd func tio nal i dentity ( |2.63 ). We perform the 
functional Legendre transform of the first kind by using (3.1), (3.13), (3.14), (3.19), and the compatibility relation 
( P0| ): 



Sl2 + SAj A 



2-2/^ 



S 2 ^ 



341 



315 



5D, 



25 



34 



ss. 



(3.43) 



34 



The functional derivative with respect to the field expectation value A c in the second term can b e eliminated by 
performing the functional Legendre transform of the first kind in the second functional identity ( 2.55| ). by performing 
the functional Legendre transform of the first kind. With (3.1), (3.5), and (3.13) we obtain 



STi 



D\2 A 2 



V231 



25 



S S 23 



(3.44) 



Inserting this into ( 3.43 ) leads to 
812 ■ 



5Do 



V- 



.311 341 5S 3 ^SA C 5 



2-^ r -^A^=l>. 

bD 0R 



(3.45) 



Using once more the relations ( 3.23 ) and ( 3.38 ), we find 
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Sl2~ I D^D^- / V34,iT675Sl 6 S^ 3 Dl 5 = . 

J 34567 



Thus the Schwinger-Dyson equation for the photon self-energy (3.26) reads 



with the graphical representation 



^12 — 



V34lT'562S : 63'^45 ) 



(3.46) 



(3.47) 



3456 



Oh~ 2 



(3, 



5. One-Particle Irreducible Three-Point Function 



The iteration of the integral equations ( 3.42 ) and ( 3.48 ) for the electron and photon self-energy S e and S 7 requires 
the knowl edge of the one-particle irreducible three-point function r. To obtain this, we further evaluate (3.38) by 
inserting ( |3.44 ). Thus the one-particle irreducible three-point function r follows from 



T123 



4507 



C»c — 1 nc — 1 
-J 14 52 



rn-l pn-1 ''673 

6S 54 6S e7 



(3.49) 



To express the right-hand side in terms of the electron self-energy, we apply a functional derivative with respect to 
the electron kernel to the identity 



L 



qC (JC-1 _ C 



yielding 



5S£ 



07 



13 • 



nc-1 gc -1 ^76 
°17 a 62 rct-l 



ss. 
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so that we obtain together with (3.22) 



^12 _ f nc-l(jc-l 

X o-l _ / 17 6 2 
0O 45 J67 



s 2 r x 



1 • 



From (3.49) and (3.52) we conclude 



T123 



c -1 
12 



8S_ 

45 &S45 



Va 



453 ■ 



(3.50) 



(3.51) 



(3.52) 



(3.53) 



Inserting ( 3.25| ) and using the functional chain rule (2.68), we finally arrive at a functional integrodifferential equation 
for the one-particle irreducible three-point function 



<ysf 2 



7"123 — ^123 + / ^453*S'64'S'57-,- c 

'4567 d ^(>7 



(3.54) 



whose graphical representation is 

3 



3 

X 



Si 



5a- 



V 3 



(3.55) 



Thus the diagrams of the one-particle irreducible three-point function follow from those of the electron self-energy by 
inserting a three- vertex in an elec tron line in all possible ways. Note that the graphical content (3.55) of the functional 
integrodifferential equation (3.54) can be heuristically deduced from the local current conservation law of QED and 
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its corresponding Ward identity (see, for example, the detailed discussion in Ref. |18| 



Another way to determine the one-particl e irr educib le th ree-point function follows from inserting the Schwinger- 
Dyson equation for the electron self-energy ( fr.4l| ) into ( 3.54 ). By doing so, we take into account 



/ ^14^52 r 453 — / ^64^57 XQ 12 ^453 : 
Ji5 J4567 0b 67 



(3.56) 



which is derived from ( 3.51 ), ( 3.52 ), and the functional chain rule ( 2.68 ). Thus we otain as an alternative functional 
integrodiffcrcntial equation for the one-particle irreducible three-point function: 



7123 — Vl23 + j ^ / 145' r 627^893'S'48'^69-^57 + / ^145^27^893^46^18^92 -F77^ 

•Z456789 ^45678912 c) '- , 12 



'456789 

^7"627 

^145 TT^ — V893-Dk7iJ4rDTsDq5 



45678912 



ss 



12 



^893 -^57 46° 18 <->92 ■ 



Its graphical representation reads 



3 



X 4 S 4* 
5 66- 



5 ' 



4 s >«v 7 

4 6 

(5 7^—8 



^ 3 



(3.57) 



(3.58) 



Thus the closed set of Schwinger-Dyson equations is given by djU), ( ^48| ), and ( ^55|) or (|3~58|) which have to be 
supplemented by the Dyson equations (3.33), (3.34). 



C. Graphical Recursion Relations 

We now demonstrate how the diagrams of the connected electron and photon two-point function, the electron and 
photon self-energy as well as the one-particle irreducible three-point function are recursively determined in a graphical 
way, generating all one-particle irreducible Feynman diagrams which are needed for the renormalization of QED. To 
simplify the discu ssion, we restrict ourselves to a vanishing field expectation value, so that wc can neglect the last 
term in Eq. ( [3.42| ). Performing a loop expansion of the connected electron and photon two-point function 



of their corresponding self-energies 



E 

1=0 

oo 

E 

1=0 



1=2=2 



(0 



(3.59) 
(3.60) 



- E 

l=i 

oo 

- E 

1=1 

as well as of the one-particle irreducible three-point function 

3 oo ? 

Jk = E rS 

i 2 ;=o 



(3.61) 
(3.62) 

(3.63) 



we obtain from ( 3.2S ), ( 3.3C ) (|3.42| ), ( 3.48 ), and ( 3.55 ) or ( |3.58|) the following closed set of graphical recursion relations: 
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. m 2 



(0 

1 •^RSSSRs 2 



1 — (( 2 )) — 2 



E i ^®-= 2 < 

fc=i 

1 ffc\«5K5= 2 , 

E E 1 k ^ - 

fc 1= fc 2 =0 ( fel ^ 

(i-fcl-fca-1) 

- E E 1 ^{"©^ 2 

fe 1= fc 2 =0 ^=>-^ 

(fel) 



(3.64) 
(3.65) 
(3.66) 

(3.67) 



and 




S 4— «— 5 



(3.68) 



or 



(3.69) 

These are solved starting from the zeroth-loop contribution to the connected electron and photon two-point function 



(Q) 
(o) 

1 2 



1= (0r 2 !^^ 2 
1 2 



and the one-particle irreducible three-point function 

3 



3 



(3.70) 
(3.71) 



(3.72) 



First, we insert Q3.70p - fl3.72| ) into Q3.66| ) and ( ]3.67|) to obtain the one-loop contribution to the electron and the photon 
self-energy: 



1 -*i 1 h- 2 



(3.73) 



1 Hi 1 r~ 2 = — 1 



(3.74) 



With this we find from (3.64) and ( 3.65| ) the corresponding connected two-point functions in the one-loop order: 



t (i) 



(3.75) 



(i) 

1 -StffcZSff&SSs 2 



(3.76) 



Amputating one electron line from ( 3.73| ), 

5 1 -f / V > 



<54- 



])* — ** 



(3.77) 
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we determine from ( 3.68)) the one-loop contribution to the one-particle irreducible three-point function 




Using the Eqs. ( 3.66 ) and ( 3.67 ), we then find the electron and photon self-energy with two loops: 



(3.78) 
(3.79) 



M2K2 = 1 



(3.80) 



1 -W 2 — 2 = — 1 



(3.81) 



The corresponding contributions to the connected two-point functions are according to ( 3.64 ) and ( [3.65] ): 




, (3.82) 



(2) 



• 2 = — 1 



2 - r™D^2 - ^-Q- 



(3.83) 



Comparing ( [2.85 ) and ( [2.86| ) with (3.82) and ( [3.85 ) shows the graphical consequence of the functional Legendre 
transform with respect to the current by the example of the connected two-point function. It systematically eliminates 
the one -part icle reducible diagrams carrying any kind of tadpol correction. The subsequent amputation of one electron 
line in ( |3.8Cl| ) leads to 



S 1 <f2K 2 



5 4^"— 5 



xx: - ;:£:; - :xx: + 




:c>: 



so we find from ( 3.68| ) the one-particle irreducible three-point function with two loops: 

3 3 





1 -<\>»- 2 



3 



As a consequence, we obtain from ( 3.66 ) and ( 3.67 ) the three-loop contribution of the electron self-energy 
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and of the photon self-energy 




With this, the corresponding connected two-point functions for three loop 
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D. One-Particle Irreducible Vacuum Diagrams 



By analogy with the discussion of the connected vacuum diagrams in Subcction II D, also the one-particle irreducible 



vacuum diagrams of QED can be generated together with their weights in two different ways. First, we show that 
they can be constructed from the diagrams of the electron and photon connected two-point function as well as the 
one-particle irreducible three-point function which have already been determined in the previous subsection. Second, 
we derive from the functional identities developed so far a nonlinear functional differential equation for the effective 
energy of the first kind and convert it into a graphical recursion relation which directly generates the one-particle 
irreducible vacuum diagrams. 



1. Relation to the Diagrams of the One-Particle Irreducible n-Pomt Functions 



After having iteratively solved the closed set of graphical recursion relations (3.64)-( [3.6£ ) for the electron and 
photon self-energy and connected two-point function as well as the one-particle irreducible three-point function, the 
corresponding loop wise on e-par ticle irreducible v acuu m diagrams can be constructed as fol lows. Going back to the 
defining equations ( 3.22 )-( fs.24 ), we obtain with ( 3.35| ), with the functional chain rule ( [2.68 ) and its analogue 
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three functional differential equations for the effective energy of the first kind: 
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Their graphical representiations are 
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(3.94) 
(3.95) 
(3.96) 



They are based on counting the electron lines, the photon l ines, a nd th e three-vertices of the one-particle irreducible 
vacuum di agram s. If the inte ra ction V vanishes, the Eqs. (3.94)-( 3.96| ) are solved by th e f ree e ffective energy of the 
first kind ( |3.10| ) due to ( 3.7C )— ( 3.72 ). For a non-vanishing interaction V the Eqs. ( 3.94 )— ( 3.9E ) produce corrections 
to ( 3.10 ) which we shall denote with r[ lnt ' ) . Thus the effective energy of the first kind Ti decomposes according to 
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In the following we recursively det ermin e rj" 1 ^ in a graphical way for a vanishing field expectation value, so that we 
can neglect the last term in both ( 3.95 ) and ( 3.96 ). Performing a loopwise expansion of the interaction part of the 
effective energy of the first kind 
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we use the following eigenvalue problems for I > 2: 
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With these we explicitly solve (3.94)-(3.96) for the expansion coefficients 1^ and obtain for I > 2 
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Inserting ( 3.70| )-( ^.89 ) for the lower loop contributions to the connected electron and photon two-point function as 
well as the one-particle irreducible three-point function in one of the equations ( 3.102 )-( 3.10(: ), we get the effective 
energy of the first kind for I = 2 loops 
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for I = 3 loops 
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(3.108) 



and for four loops 
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A comparison with the corresponding results for the vacuum energy in (2.102), (2.103), and (2.110) shows that the 
effective energy of the first kind contains precisely all one-particle irreducible vacuum diagrams. 



2. Graphical Recursion Relation 



Each of the three functional differential equations for the effective energy of the first kind ( 3.91 ) ( 3.93| ) can be used 
to derive a graphical recursion relation which directly generates the one-particle irreducible vacuum diagrams. Here we 
restrict ourselves to the functional differential equation (3.91 ) wh ic h is b as ed on c ounti ng the numb er of electron lines 
of the one-particle irreducible vacuum diagrams. Inserting 

lU|), (HI)' dJj )i (H3)> and (HI) for the connected 
electron and pho ton t wo-point function, the electron self-energy, and the one-particle irreducible three-point function, 

we obtain from (3.91): 
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If the interaction V vanishes, this is solved by the free effective energy of the first kind (3J3) which has the functional 
derivatives 
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For a non-vanishing interaction V, the right-hand side in ( 3.11 Cl| ) corrects (3.E) by the interaction part of the effective 



energy of the first kind r^ nt ' ) . Inserting the decomposition ( 3.97 ) into ( 3.11C ) and using ( 3.111 ), we obtain together 



with the functional chain rule the following functional differential equation for the interaction part of the effective 



energy of the first kind T\ 
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Its graphical representation reads: 
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Again, we illustrate the graphical recursive solution of ( |3.113 ) only for a vanishing field expectation value, so that 
we can drop the last two terms. Inserting the loop expansion (3.98) and taking into account the eigenvalue problem 



( |3.99 ), we obtain a graphical recursion relation for the expansion coefficients if of the effective energy of the first 



kind for I > 3: 
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It is solved starting from T\ in (3.107). With the line amputations 
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we obtain from ( 3.114 ) the three- loop result if^ in ( 3.108 ). Performing the amputation of one photon line 
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and two electron lines 
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we obtain from (3.114) the four-loop result if 4 '' in ( 3.109| ). 



(3.118) 
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IV. SUMMARY AND OUTLOOK 



We have derived a closed set of Schwinger-Dyson equations in QED by using functional analytic methods developed 
in Refs. ||]9). Their conversion to graphical recursion relations allows us to systematically generate connected and one- 
particle irreducible Feynman diagrams for n-point functions. In the subsequent paper p7| we show that corrections 
of the electron and the photon propogator as well as the vertex can be iteratively eliminated by introducing higher 
Legendre transformations This will lead to graphical recursion relations for all skeleton Feynman diagrams in 

QED g|. 
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